The noisy kinetic derivative nonlinear Schrödinger equation ( 
The theory of astrophysical (e.g. solar wind) turbulence has been a topic of interest for some time. However, there is still no common view of this subject. In general, two different schools of thought have developed. One of them is based on a Kolmogoroff-type theory of inertial range cascading. It was successfully utilized [1] to explain the power law spectra of MHD turbulence observed in the solar wind. This theory accounts for the interaction (scattering) of a large number of Alfvénic Fourier modes propagating at different angles to the ambient magnetic field and thus describes small amplitude background of weak turbulence.
An alternative approach is based on the study of nonlinear wave evolution equations with external noisy drive (e.g. the noisy DNLS equation), and is applicable to relatively large wave amplitudes. Such theories approach turbulence as an ensemble of nonlinear structures, e.g. shocks, discontinuities, and high-amplitude waves, which are typical constituents of the interplanetary plasma [2] . This course of investigation was pursued by previous authors who undertook computational studies of the noisy DNLS equation [3] . Stationarity was achieved by inserting ad-hoc viscous damping (later linked to finite plasma conductivity [4] ) into the otherwise conservative DNLS equation. However, when β ≃ 1 and T e /T i ≃ 1 (as in solar wind plasma), Alfvén waves couple to strongly damped ion acoustic modes. As a consequence, the kinetically modified DNLS [5, 6] , referred to as the KNLS, which exhibits intrinsically dissipative nonlinear coupling, emerges as a superior basic model. Numerical solution of the KNLS reveals a new class of dissipative structures, which appear through the balance of nonlinear steepening with collisionless nonlinear damping [7] . The resulting quasi-stationary structures typically have narrow spectra, consisting of only a few low-k harmonics, and exhibit spontaneous rotational/directional discontinuities at the shock, with negligible phase variation elsewhere.
Here, we present the first analytical study of the noisy KNLS equation as a generic model of collisionless, high-amplitude Alfvénic shocklet turbulence. Indeed, this is, to our knowledge, the first structure-based theory of compressible MHD turbulence in a collisionless system. Stationarity is maintained via the balance of noise and dissipative nonlinearity. A one-loop renormalization group calculation (equivalent [8] to a direct interaction approxima-tion (DIA) [9] closure) is utilized. Of course, the applicability of the renormalization group method is not known a priori. Such an issue is beyond the scope of this paper, however.
Although the KNLS describes both quasi-parallel and oblique waves [5] , we consider here the simpler case of quasi-parallel propagation. The general case will be addressed on future publication. The noisy KNLS is, thus, a generic model of strong, compressible Alfvénic turbulence and may be relevant to the solar wind, interstellar medium, shock acceleration as well as to compressible MHD theory, as a whole. Note that this perspective is analogous to that of the noisy Burgers equation model of compressible fluid turbulence [10] . Several features which are not common in standard MHD turbulence theories appear in this model. It is shown that the dissipative integral coupling renormalizes the wave train velocity, in addition to inducing nonlinear damping and dispersion. Moreover, consideration of the resulting solvability condition for a stationary state in the hydrodynamic limit (ω, k → 0) suggests that KNLS turbulence can exist in one of two different states or phases, corresponding to small-scale spikey shocklets (i.e. no hydrodynamic regime) or a smoother, hydrodynamic state, respectively.
The "noisy-KNLS" equation is
where φ = (b x ± ib y )/B 0 is the wave magnetic field,f is the random noise, µ 0 = ±v 
where H is the ( and electron-to-ion temperature ratio, T e /T i , only, i.e.
where β * = (T e /T i )β, γ = 3 is the polytropic constant, and χ = 8β/πγ (T e /T i ) 3/2 exp {(T i − T e )/2T i } is the parallel heat conduction coefficient which models kinetic collisionless dissipation in fluid models. The term m 1 represents nonlinear steepening of a wave via coupling to the self-generated density perturbation (associated with an acoustic mode). The term m 2 corresponds to kinetic damping of a wave by resonant particles, which rapidly sinks energy from all harmonics, unlike viscous dissipation.
We emphasize that the KNLS is intrinsically a nonlinearly dissipative equation, i.e. there is no linear damping retained here. In this regard, we comment that there appear to be two meaningful paradigm problems to be explored. One is to retain both linear growth and damping in the KNLS. In this case the results will necessarily be quite model dependent.
The other, which we pursue here, is to study the purely nonlinear problem with noisy drive.
This case allows us to isolate and focus on the intrinsically nonlinear dynamics of the KNLS equation.
In Fourier space H = ik/|k|, so the transformed KNLS is
where the function sign(x) = x/|x|. The stochastic noise f k ω is assumed to be zero-mean, and δ-correlated in space and time. To extract information from Eq. (4), we utilize the direct interaction approximation (DIA) closure [9, 11, 12] . We expand φ k ω in a power series with respect to the perturbation parameter λ:
k ω + · · · and equate terms, order by order, in λ. To second order, we have
where the bare propagator
In the DIA, we take φ
The terms proportional to k and k 2 in the left hand side act to modify v 0 and µ 0 . Thus, the nonlinear term of Eq. (5) represents an amplitude dependent correction to both the velocity and dispersion coefficients, and Eq. (5) 
We should note that v and µ will now assume complex values,
The real parts, v r and µ r , represent the amplitude dependent speed of a wave packet (note, there is a momentum transfer from waves to resonant particles in this model) and nonlinear dispersion (i.e. an amplitude dependent frequency shift in Fourier space), respectively. The imaginary parts, v i and µ i , correspond to damping processes. In particular, v i describes the exponential damping (á la phase mixing of a wave packet) and µ i describes turbulent, viscous dissipation. It is easily seen that for m 2 → 0 the KNLS may be written in the co-moving frame with v 0 = 0. Thus, no additional phase-mixing terms appear, since the terms k ′ k and k ′′ k vanish upon integration over −∞ < {k ′ , k ′′ } < ∞, in the hydrodynamic limit. The collisionless damping breaks this symmetry of the +k and −k parts of the spectrum, thus resulting in the novel phase-mixing and phase velocity renormalization terms (analogous to nonlinear frequency shifts) encountered here.
We seek solutions in the hydrodynamic limit ω → 0, k → 0. For simplicity, we assume white noise, i.e. f k ω = f . This assumption is not too artificial, since MHD waves are usually pumped at large scales (small-k) and the large-k tail is heavily damped by collisionless dissipation, which is an increasing function of k. Ordered by powers of k, the nonlinear term in the integrals contains k 3 , k 4 , . . . contributions. However, the hydrodynamic behavior is completely determined by the small-k, ω limit. Thus, by omitting higher-k terms, Eq.
(6) naturally splits into two equation for v and µ, respectively. The ω ′ , ω ′′ -integrations can be easily performed in complex plane. It is convenient to introduce dimensionless variables 
is positive definite and contains no explicit divergences ∼ x c . Since we are concerned with the hydrodynamic limit, where x c ≪ 1, the detailed structure of this function is not significant. Returning to standard notation, extracting real and imaginary parts, and keeping the leading, divergent (in x c ) terms, we have from Eq. (8a)
where σ = sign(µ r /µ i ). As can be easily seen, v r /v i ∼ 1/(ln 2 k min ) → 0 as k min → 0, so we obtain from Eq. (8b)
For the coefficients v and µ, we may now write
Note that the factor ln x c = ln(k min µ i /v i ) ∼ ln(ln k min ) makes an insignificant cut-off correction. Nonzero v r arises due to wave momentum loss via interaction with resonant particles and reflects the process whereby a nonlinear wave accelerates in the direction of steepening (i. e. v r > 0 for β ≤ 1, T e = T i ), an effect which is observed in numerical solutions of the KNLS equation [7] . This effect is logarithmic for k min → 0. Negative v i corresponds to exponential damping due to phase mixing, and is proportional to the dissipation rate m 2 .
The coefficient µ r represents turbulent dispersion, and the coefficient µ 1 < 0 corresponds to turbulent viscous damping. By analogy with noisy-Burgers equation [12] , Eqs. (10) for the turbulent transport coefficients yield the pulse propagation scaling exponents for the hydrodynamic regime, which are defined by divergences at the cut-off. For diffusion term, we have δx 2 /δt ∼ µ i ∼ |δx| (∼ 1/k min ), so that |δx| ∼ δt. This corresponds to symmetric ballistic dispersion of the shocklet waveform. For the velocity term, we write (as v r → 0
This corresponds to ballistic translation of the shocklet.
We now construct the quantity x c = k min µ i /v i from Eqs. (9) to determine when our cutoff approximation x c ≪ 1 is valid. Note that x c ≪ 1 must be satisfied for a self-consistent, (11) as
The coefficients m 1 , m 2 depend on plasma parameters, i. e. on β and T e /T i . We plot the condition Eq. (12) in the form of a β vs. T e /T i diagram in Fig. 1 . The region inside the curve corresponds to |m 1 /m 2 | < 1, i.e. a phase of hydrodynamic turbulence. The outer region corresponds to a phase of bursty turbulence of steep nonlinear Alfvén waves.
For completeness, the perturbation parameter λ must be renormalized, because the KNLS is not Galilean invariant. Corrections to λ follow from the third order expansion and so laborious that they are left for a future publication. We can, however, estimate the renormalized λ as follows. The energy spectrum is
The fluctuation levelB
should be independent of the cut-off x c , thus λ ∼ ln 
